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Formulas  a r e  der ived  for  both the local and averaged  over  the su r f ace  Nussel t  number .  Expe r -  
imenta l  r e su l t s  a r e  presented  and the l imits of appl icabi l i ty  of the calculated fo rmulas  a r e  indi-  
ca ted ,  

We denote channels whose walls lie in pa ra l l e l  planes as p lanar ,  while channels with a constant d is tance  
between the walls and with a radius  of cu rva tu re  of the channel wall  generati~ix much g r e a t e r  than this d is tance  
will be r e f e r r e d  to  as quasiplanar~ The analyt ic  solution of the p rob lem of heat exchange in the l aminar  flow 
of a liquid through plane channels has been considered in many studies (for example ,  [1_]). However ,  the 
avai lab le  analyt ic  s tudies a r e  dedicated to heat exchange in p lanar  channels of constant  c ross  sec t ion ,  in 
which the mean  motion veloci ty  is constant .  Exper imenta l  data for planar  channels of va r i ab le  c ross  sec t ion  
were  presented  in [2, 3], but t hese  a r e  of a par t i a l  c h a r a c t e r .  

We will consider  the analyt ic  solution of the p rob lem of heat exchange for  a l aminar  liquid flow in quasi -  
p lanar  channels (Fig. l a ,  c). A schemat ic  d i ag ram of a port ion of the channel is shown in Fig.  ld .  In f o r m u -  
lating the p rob lem we make  the following assumpt ions ,  in addition to those  usually made ([1], p. 76): a) the 
liquid flow and t e m p e r a t u r e  field have az imutha l  s y m m e t r y ;  b) the channel width is a fixed function of the lon- 
gitudinal coordinate  (by channel width we understand the length of the line perpendicular  to the flow lines and 
located in a plane pa ra l l e l  to the channel walls);  c) the veloci ty  prof i le  over  the channel height at sec t ion  x is 
parabol ic :  

3 ~ y2 3 G,~ y2 

~'~= 2 , h ~ 2 6fix) p h ~ 
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Fig.  1. Models  of planar  and quas ip lana r  channels  

on s u r f a c e  of body of ro t a t ion .  

In ana logy to  [1], we may  wr i t e  

where 

3 Gin6 (1--Y 2) O0 __ 0~0 
2 4ap f (x) Ox OY 2 ' 

O =  __t--t,o ; y =  Y ; tw =cons t .  
l o - -  t~ h 

The  boundary  condit ions a r e  as fo l lows:  

at x - - - - 0 a n d - - l < Y < l ,  0 = 1 ;  

00 
at x ~ O  and Y = O ,  - - = 0 ;  

OY 

at x ~ O  and Y = _ _ I ,  0 = 0 .  

In so lv ing  the p rob l e m  by the  method of s e p a r a t i o n  of v a r i a b l e s ,  we obtain 

w h e r e  Cn Of), 

0 =  2 C~b~(Y) exp ( 8 2 ap 
n = 0  

a n a r e  e igenfunct ions  and e igennumbers  of the  p rob lem,  

2 
C n ~ - -  

We in t roduce  the  ge ne ra l i z e d  modif ied  Peeler  c r i t e r i o n  

G,~6 Pe* - -  Gin6 pe~* 
apS (x) apS (H) 

n p - ~  " 3 ex 
n = 0  

T h e n  we may  wr i t e  

We define the  m e a n  m a s s  t e m p e r a t u r e  at s ec t ion  x:  

S (x)) 
6 ' 

w h e r e  

0 =  t 0 - - ~  - - 3  B~ exp , 
n={} 

8 e2 1 
3 ex 

( 2 )  

(3a) 

(3b) 

(3e) 

(4) 

(5) 

(6) 

(7) 

(8) 
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F i g .  2 .  Mean  i n t e g r a l  N u s s e l t  c r i t e r i o n  r e f e r r e d  to  
t e m p e r a t u r e  d i f f e r e n c e  (t w --  t 0) ove r  t he  s u r f a c e  N"u 0 
v e r s u s  P e * :  1-3)  f r o m  Eqso (17), (18), and (25); 4 -6)  
e x p e r i m e n t a l  da t a  for  6 = 1, 3, and 5 m m ,  r e s p e c -  
t i v e l y .  

B,~: 1 C. IO~&| \' . 
2 \ OF / Ir=l 

T h e  l o c a l  N u s s e l t  n u m b e r ,  r e f e r r e d  t o  t h e  l o c a l  t e m p e r a t u r e  d i f f e r e n c e  (tw - -  {') ([1], p.  86), is  as  fo l lows : 

(9) 

As  (11Pex*)--" r 

s ( ' )  4 B~ exp 8 
2 - T ~ ~  ( o_~_y ) l .=o (1o) Nu ---- ~ Y=i " 

a B. %7- e~p ----5-- " 
n~0 

Nu-+Nu| = ,4 eo ~ = 3.770. (11) 
3 

We d e f i n e  t h e  m e a n  i n t e g r a l  h e a t - l i b e r a t i o n  coe f f i c i en t  ove r  t he  s u r f a c e  and t h e  c o r r e s p o n d i n g  N usse l t  n u m b e r :  
H 

& 1 J '  - S (H) W (x) dx; Nu = fi_~_6 
o 

F r o m  t h e  t h e r m a l - b a l a n c e  equa t ion  fo r  e l e m e n t  dx  a t  tw = cons t  

af (x) dx = GmC p dO (12) 
2 0 

GmC p ~ dO 1 Gmcp In ffJx=H ; (13) 
2s (~ T = 2 s (n) 

I 

N--u = 1 Gin6 In 6 Jx=n . (14) 
2 apS (n) 

Hence ,  

Subs t i t u t i ng  Eq.  (8) fo r  ~ l x = H  into  Eq .  (14), we  ob ta in  
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Fig .  3. Re la t ive  e r r o r  e (%) v e r s n s  Pe*  f r o m  
Eq.  (29): 1) e I = f ( 1 / P e * ) ;  2) e 2 = f ( 1 / P e * ) .  

_ , ( 8  ,)] Nu ~ .~ Pe* In 3 Bn exp e 2 3 n ~ �9 (15) 
n = 0  

In so lv ing  many  p r a c t i c a l  p rob l ems  the  values  of  ~ 0 and N--u 0 r e f e r r e d  to  the t e m p e r a t u r e  d i f f e rence  (tw --  
%) a r e  of i n t e r e s t .  

By def in i t ion  
H 

s0  = S (k/) 
0 

T h e r e f o r e ,  with c o n s i d e r a t i o n  of Eq~ (12), 

aof (x) dx; % - -  

l ~  - -  t o 

- _. GrnCp 
a 0 : (1 - -  O,x=n); (16) 

2S (H) 

~. ~ Pe* 1--3 B,~ ~ -  exp - - - - e  2 
3 ;~ " n = O  n 

Equat ion (17), ca lcula ted  with the  f i r s t  11 t e r m s  of the s e r i e s ,  is shown in F ig .  2 (curve 1). Specia l  
c a se s  a r e  as follows : 

1. As Pe*  ~ 0, N'--u0--~ ( / 2 ) P e * .  

2. For  Pe*  < 60 with an  e r r o r  tess than 10% and for  Pe*  < 40 with an  e r r o r  less  than  3% in Eq. (17) we 
may cons ide r  only the  f i r s t  t e r m  of the  s e r i e s :  

N~~  21 Pe*[1- -0 .91exp( - -3 .77  p 2 e . ) ] .  (18) 

Curve  2 of F ig .  2 c o r r e s p o n d s  to  Eq.  (18). 

3) As Pe*  ~ ~,  N'-~0--* ( / 2 ) P e * ( 1  - -  3 Z 
n ~ 0  

Bn(1/e2n)) ~ 0 .021Pe* .  

4.  Channel  of cons tan t  width:  f{x) = ]3 = cons t .  Hence,  it is evident that  the solut ions  obtained e a r l i e r ,  
for  example ,  in [1] and [4], a r e  spec i a l  cases  of the  solut ions  obtained now. 

T h e  so lu t ion  of the  h e a t - e x c h a n g e  p r o b l e m  in a channel  of va r i ab l e  c r o s s  s ec t ion  cons ide red  he re  ma y  
be  obtair~ed by a s i m p l e r  a p p r o x i m a t e  in teg ra l  method .  We make  the  addi t ional  a s s u m p t i o n  of t h e r m a l  s t a -  
b i l i za t ion  of the flow, and in ana logy to  [4] a pp rox ima te  the  t e m p e r a t u r e  prof i le  at  each sec t ion  by a f o u r th -  
d e g r e e  po lynomia l :  

0 = a o (x) + a 2 (x) y 2  + a~ (x) Y~. ( 1 9 )  

Subst i tut ing Y = 1 into Eq.  (2) we obtain O 2 0 / O Y 2 1 y =  l = 0 and,  consequent ly ,  a4(x ) = --(1/6)a2(x). F r o m  condi-  
t i on  (3c) a2(x ) = --(6/5)a0(x). Mult iplying both s ides  of Eq.  (2) by dY and in tegra t ing  over  Y in the  in te rva l  [0, 
1] with c o n s i d e r a t i o n  of Eq.  (19), we obtain 

a o ( x ) = C e x p  ( 14017 pe*l ) .  (20) 
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Fig. 4. Schematic diagram of experimental  apparatus.  

Thus,  

�9 17 P q  1 -  

Since at x = 0 ,~= t0  and S(x) = 0, C = (175/136). Then 
I 

3 ~ O(l--Y*)dY=exp ( - - - -  
0 

56 (y2 1 6 Y ' ) I "  (21) 

140 1 ) 
17 Pe* " (22) 

The local Nusselt number,  r e fe r red  to the local tempera ture  difference (tw -- t-) for the thermal ly  s ta -  
bilized flow model considered, remains  constant in any section x: 

(00)i Nust= ()- - ~ -  v=l-- 1 ~  -~4"12" (23) 

The local Nusselt number Nust obtained by the approximate method with Eq. (23) differs by 9% from the value 
Nur obtained from Eq. (11) by separat ion of variables .  The approximate equation (23) is valid for any func- 
t ion tw =tw(x) if the remaining conditions a re  fulfilled. 

Fur ther ,  

5 0 - -  

[ ( 2)] G~cp Gmcp 1 --  exp --  Nust ~ , (24) 
2S (H) (1-- 6ix=H) = 2S (H) 

N~o= 1 pe . [ l ,  exp (_4.12" 2 ) ]  
2 Pe* " (25) 

Equation (25) is shown in Fig. 2 (curve 3). 
where 

Nuo 2 --  N-uoa Nuo,3 ~ Nuo,1 e l =  100%; e.,= __ 100%. 
N--uo, 1 Nuo,1 

Here N-"u0,1; N--u0,2; and N-"Uo, 3 a re  defined by Eqs. (17), (18), and (25), respect ively.  

For  Pe* < 20 one may use Eq. (25) instead of Eq. (17) with an e r ro r  less than 10%. 

Figure 3 shows rela t ive e r ro rs  e 1 and 82 as functions of 1 /Pe* ,  

(26) 

Thus, the integral  
method may be recommended as s impler  for analysis of heat-exchange processes  with other boundary conditions 
also. 

For example, for a quasiplanar channel with one wall thermally insulated and the other at constant tem- 
perature, the method of separation of variables gives 

~o=Pe*[1--O,S96exp(--2 .43 1 ) ] .  
Pe* ' 

(27) 

1 
Nu| = T e~ =2,430, (28) 
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while the  app rox ima te  in t eg ra l  method gives 

N ~ = P e *  [ 1 '  exp ( - - - -  

45 
Nust -- 17 

1)1�9 
17 Pe* ' 

- - -  ~2.65. 

(29) 

(3 o) 

The e r r o r  in de t e rmina t i on  of the  s t ab i l i zed  value of the  l o c a l  Nussel t  number  f rom Eq. (30) as com-  
pared to  Eq. (28) c o m p r i s e s  9%, while the  e r r o r  in ca lcu la t ion  by Eq. (29) as compared  to Eq. (27) does not 
exceed 10% for P e * - < 6 .  

This  ana ly t ic  solut ion of the hea t -exchange  p rob lem by both methods is based  on a number  of a s s u m p -  
t i ons ,  the  mos t  s igni f icant  of which is a s sumpt ion  (c) as to  the pa rabo l i c i t y  of the ve loc i ty  p rof i l e  over  channel  
height .  In o r d e r  to d e t e r m i n e  the l imi ts  of app l i cab i l i ty  of the models  used he re in  an exper imen ta l  appa ra tus ,  
a d i a g r a m  of which is shown in Fig .  4, was bui l t  and t e s t e d .  The channel was formed of two a luminum disks  
2 and 3, 4 mm in th ickness  and 300 m m  in d i a m e t e r .  Channel height was mainta ined by spec i a l  ca l ib ra t ed  
d i sks  4. A i r  is introduced through tube 1 (d iameter  40 mm) through an o r i f i ce  in its l a t e r a l  s u r f a c e  and flows 
r a d i a l l y  between the d i s k s .  The channel walls  a r e  heated by Nichrome hea te r s  5 and 6, each of which cons i s t s  
of five independently con t ro l l ab le  concent r ic  p lanar  s ec t i ons .  To min imize  heat loss to the sur rounding  m e -  
dium,  t h e r m a l  i n su la to r s  7, 8, 9, and 10 and two guard hea te r s  11 and 12 a r e  used .  To reduce  heat loss to  
tube 1 the inner  edges of the d isks  a r e  sharpened  and s p e c i a l  insulat ing packing is ins ta l led  between them and 
the  tube .  

The  cooled a i r  supply is regu la ted  by valve 14, and theflow r a t e  is measu red  by r o t a m e t e r  13 (RS-5 and 
RS-7) .  The d isk  t e m p e r a t u r e  is moni tored  by 20 C h r o m e l - - A l u m e l  the rmoeouples  15, while the a i r  t e m p e r -  
a tu re  at t h e  input is measu red  by C h r o m e l -  A lumel the rmocoup le  16. 

The  power suppl ied to individual  hea te r  sec t ions  was se l ec t ed  such that  the channel -wal l  t e m p e r a t u r e  
field was uni form.  Guard hea te r  power was se t  so  that  t e m p e r a t u r e  was equal on the main  and guard hea t e r s ,  
as moni tored  by eight d i f fe ren t i a l  the rmocouples  17, whose junctions were  located one opposi te  the other (a 
PP-63  po ten t iomete r  was used with the t he rmocoup le s ) .  

P a r a m e t e r s  were  va r i ed  over  the following r a n g e s :  Gm = 7 .53.10-4-1 .34 -10 -2 k g / s e c ,  Q = 15-65 W, 
and 5 = 1-5 ram. 

The mean squa re  e r r o r  of the exper iments  was 4%. The expe r imen ta l  values of Nu0,ex p with c o r r e -  
sponding values of 1 / P e *  a r e  shown in F ig .  2. 

Seve ra l  exper imen t s  were  pe r fo rmed  with the cooling a i r  moved in the opposi te  di__rection by means of 
an e jec t ion dev ice .  For  Pe* < 5 change of flow d i r ec t ion  does not affect  the value of Nu 0. 

At Pe* < 5 the max imum devia t ion  of expe r imen ta l  points f rom the ca lcula ted  curve  1 c o m p r i s e s  not 
more  than 10%, which lies within the l imi ts  of exper imen ta l  e r r o r ,  but at Pe* > 5 both the exact (separa t ion  
of va r i ab le s )  and app rox ima te  ( integral  method) solut ions give a l a rge  e r r o r  because  of the imper fec t ion  of 
the  model  in not cons ider ing  flow tu rbu l i za t ion  at the channel input and the ini t ia l  hydraul ic  s t ab i l i za t ion  s e g -  
ment .  At Pe* < 5 one can use the flow t h e r m a l  s t ab i l i za t i on  a s sumpt ion  and use Eq. (25) for engineer ing ca l -  
cu la t ions .  Thus,  the upper l imit  of Pe* values at which the r e s u l t s  obtained a r e  valid has been de t e rmined .  

In formula t ing  the p rob lem,  among other conditions the a s sumpt ion  was made that  it is poss ib le  to 
neglect  longitudinal t h e r m a l  conduct ivi ty .  On the bas is  of this we will  e s t ima te  the lower usable  l imi t  of Pe* 
va lues .  Accord ing  to [1], we may wr i te  

~ x  ~ I Gm x 1 

a ~ p[ (x) ~a �9 e 

where  e is the a d m i s s a b l e  e r r o r .  

F r o m  this we obtain a formula  for the s m a l l e s t  poss ib le  P e * :  
$r 

( f (x) dx 

P e * ~  ~ -  . k -- f(x) x 

F o r  many pa r t i cu l a r  eases  the  approx imat ion  f(x) ~ a + cx n is va l id .  Then 

k ~ ( n + ! ) a - - c x ' ~  

( n + l )  a + c(n + 1) x" 
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For  example ,  for the exper imenta l  channel descr ibed  above k 
= 0.05, we obtain the condition 

Pe*lx=n ~ 0.052. 

= 0.565, 5 /Xlx=H = 0.0385 and if we take 

N O T A T I O N  
x 

6, H, f(x), height, length, and width of channel; S(x) = S f(x) dx, a r e a  of channe lwal lwashed  with liquid at d i s -  
0 

t ance  between Channel inlet and c ross  sec t ion  x; ~x, longitudinal veloci ty  component;  ~ ,  mean  veloci ty  over  
channel sec t ion  x; h = 6/2,  channel half-height ;  Gm, mass  flow r a t e  of liquid; p, a ,  Cp, X, densi ty ,  t h e r m a l  
diffusivity,  h e a t  capaci ty ,  and t h e r m a l  conductivity of liquid; t ,  local liquid t e m p e r a t u r e  in channel; tw, 
channel wall  t e m p e r a t u r e ;  to, liquid t e m p e r a t u r e  before  ent rance  into channel; t ,  liquid mean  mass  t e m p e r -  
a tu re  at sec t ion  x; a ,  a ,  local and mean  in tegra l  (over sur face)  hea t - l ibe ra t ion  coeff ic ients ,  r e fe renced  to 
t e m p e r a t u r e  d i f fe rence  {t w --  t-); s 0, ce 0, local and m e a n  in tegra l  (over sur face)  hea t - l ibe ra t ion  coeff ic ients ,  
r e f e renced  to t e m p e r a t u r e  d i f ference  (t w - to); Nu, Nu, Nu 0, Nussel t  c r i t e r i a  for  hea t - l ibe ra t ion  coefficients  
o ,  ~ ,  So; Pe*,  genera l i zed  modif ied Pecle t  c r i t e r ion ;  Pc,  Pee le t  c r i t e r ion ;  Nust, Nussel t  c r i t e r ion  for t h e r -  
ma l ly  s tabi l ized flow; qw, densi ty  of t he rm a l  flux f r o m  wall  to liquid at sect ion x; Q, t h e r m a l  flux assoc ia ted  
with one channel wall.  

L I T E R A T U R E  C I T E D  

1. B . S .  Petukhov, Heat Exchange and Res i s t ance  in Laminar  Liquid Flow in Tubes [in Russian] ,  ]~ner- 
giya,  Moscow (1967). 

2. I . T .  Shvets,  E. P. Dyban, and K. A. Bogachuk-Kozachuk,  Izv.  Vyssh .  Uchebn. Zaved. ,  I~nerget., 
No. 12 (1962). 

3. P . I .  Zarubin  and L. A. Poluboyar tseva ,  I n z h . - F i z .  Zh., 14, No. 3 (1968). 
4. G . N .  Dul 'nev  and A. I .  Kaidanov, I n z h . - F i z .  Zh., 17, No. 2 (1969). 

L I Q U I D - F I L M  F L O W  R E G I M E S  ON A R O T A T I N G  S U R F A C E  

A .  I .  B u t u z o v  a n d  I .  I .  P u k h o v o i  UDC 532.517:532.62 

Liquid flow on a ro ta t ing  disk is analyzed and studied exper imenta l ly .  Limits  of the hydrodynam-  
ic r e g i m e s  a r e  es tabl i shed.  

Liquid-f i lm flow on rota t ing su r faces  is employed in t h e r m a l  m a s s - e x c h a n g e  devices  (evapora tors ,  
d r i e r s ,  a b s o r b e r s ,  e t c . ) ,  r e a c t o r s ,  and centr i fuges  in var ious  technological  f ie lds .  Calculation of such 
devices  p r e sumes  a c l ea r  understanding of flow hydrodynamics ,  in pa r t i cu la r ,  of the l imits of l aminar  and 
turbulent  flow. 

Despi te  the la rge  number  of s tudies dedicated to study of the hydrodynamic cha rac t e r i s t i c s  of f i lm flow 
on rota t ing bodies ,  only [t-6] indicated the hydrodynamic r e g i m e .  However ,  in those  studies t he r e  a r e  ma jo r  
d i f ferences  in evaluation of the effects of var ious  p a r a m e t e r s  (wetting densi ty F, angular  veloci ty 9 ,  and s u r -  
face d imens ion  R) on flow s tabi l i ty .  The effect of r was considered in [1, 6], while [3] considered only '2 and 
R. In de te rmin ing  the flow r eg i m e ,  Dor fman  [8] considered the effects of both angular  veloci ty  and initial 
f i lm thickness  6, consider ing the  la t ter  known. In [4], one of the f i r s t  s tudies of f i lm hydrodynamics  on r o t a -  
t ing s u r f a c e s ,  the authors  use  an express ion  f o r  f l ow- reg ime  de te rmina t ion  which includes all  the d imens ion-  
less quantities used in the works mentioned above [3, 6, 8]: 

Re'= Re~-~Re r Re 6 : ( - G ~ ' ~  -1 (~ c~ (1) 
\ 2 ~ R v p  ] v v 
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